Abstract. Let Ω be a smoothly bounded pseudoconvex domain in C n and let z 0 ∈ bΩ be a point of finite type. We also assume that the Levi form of bΩ is comparable in a neighborhood of z 0 . Then we get precise estimates of the Bergman kernel function, K Ω (z, w), and its derivatives in a neighborhood of z 0
Introduction
The purpose of this paper is to give precise estimates of the Bergman kernel function K Ω (z, w) and its derivatives near the boundary of a smooth pseudoconvex domain Ω of finite type with comparable Levi-form.
For strongly pseudoconvex domain Ω in C n , the boundary of a suitable ball locally approximates bΩ near the point z 0 ∈ bΩ in question and this approximation is often the first step taken when analyzing the Bergman kernel function on Ω [9, 10, 12] . When Ω is weakly pseudoconvex domain of finite type, different approaches should be applied according to the local geometry of bΩ [3, 6, 7, 11, 14, 16, 17] . In the rest of this paper, we let Ω be a smoothly bounded pseudoconvex domain in C n with smooth defining function r, i.e., Ω = {z ∈ C n : r(z) < 0}, and let K Ω (z, w) be the corresponding Bergman kernel function.
Let λ 1 (z), . . . , λ n−1 (z) be the eigenvalues of the Levi-form, ∂∂r, near a point z 0 ∈ bΩ. We say Ω has comparable Levi-form near z 
where π is the projection onto bΩ. In the rest of this paper we let α, β be multiindices and let α = (α 1 , . . . , α n−1 , 0), α = (0, α 2 , . . . , α n−1 , 0), etc. 
, and this is the case when z 
Special coordinates and polydiscs.
Let Ω, z 0 ∈ bΩ and U be as in Section 1. In this section we want to show that about each point z in U , there is a special coordinates ζ about z and a polydisc of maximal size on which the function r(z) changes by no more than some prescribed small number δ > 0.
We may assume that there are coordinate functions
We first take the following special coordinates which reflects the local geometry of bΩ near z
Proposition 2.1. For each z ∈ U and positive integer m, there is a biholomorphism
We now show how to define a polydisc around z in ζ-coordinates. Set
For each δ > 0, we define τ (z , δ) by :
If we assume that the type at z
is sufficiently small. This gives us the inequality :
and if δ < δ , then
The following lemma shows that |a jk (z )| terms are major terms to define τ (z , δ) in (2.3). One can refer a proof in [7,Lemma 2.4].
Lemma 2.2. There is c 0 > 0 (independent of z and δ > 0) such that
By virtue of (2.2) we then have
Set τ (z , δ) = τ for a convenience, and define
Then by virtue of the definition of τ (z , δ), it follows that R cδ (z ) is contained in
z (Ω) for a fixed constant c > 0 (independent of z and δ > 0). In [7] , the author constructed the following family of bounded plurisubharmonic weight functions with essentially maximal Hessian in a thin strip near the boundary of Ω. For > 0, we let Ω = {z : r(z) < } and set
(Ω δ ) with the following properties,
For z ∈ U ∩ Ω and δ > 0, we define a biholomorphism (dilation map) by
3. Subelliptic estimates for ∂ in dilated coordinates.
Let Ω, z 0 and U be as in Section 1. In this section, we want to get uniform subelliptic estimates (independent of δ and z ) for ∂-equation in dilated coordinates
In special coordinates, we can write
and they form a local frame of CT 1,0 (U ). In terms of dilated coordinates, set
and
Then they form a local frame of CT
where |||·||| denotes the tangential Sobolev norm of order on forms and Q(u, u) = ∂u
and where ϑ is the formal adjoint of ∂. Let z ∈ U ∩ Ω and δ > 0 be fixed for a moment. Note that the neighborhood W = D δ ζ (R δ (z )) actually depends on z . We will show that (3.3) holds independent of z and δ, and this is a key ingredient to prove Theorem 1.1.
By virtue of Theorem 2.2, there is a family of plurisubharmonic functions {g δρ } ρ>0 satisfying the properties (i), (ii), (iii) of Theorem 2.2. Set
(iii) For all w ∈ W ∩ Ω δ z (ρ) and for each α, β, there is C α,β such that
Proof. Let {g δρ } ρ>0 be the family of plurisubharmonic functions satisfying the properties (i), (ii), (iii) of Theorem 2.2.
, where D δ z is the dilation map defined in (2.7). It is clear that λ ρ is plurisubharmonic and
By functoriality and by the property (ii) of Theorem 2.2, it follows that
Note that these estimates are independent of z and δ because the estimates in Theorem 2.2 are independent of z and δ. This proves (ii). Property (iii) follows from chain rule and the property (iii) of Theorem 2.2.
Note that the estimates and the constants in (2.4), (2.5) and Theorem 3.1 are independent of δ and z . Using this fact and Theorem 3.1, we show the following subelliptic estimates of ∂ equation which is an essential ingredient to get derivative estimates for K Ω (z, w). For 0 < b ≤ 1, we set 
Proof. By virtue of the relations in (2.4) and (2.5), it follows that
By Theorem 3.1 and (3.5), there is a small b > 0 such that for each 0
Here the estimate in (3.6) is independent of δ and ρ. Note that the existence of the family of plurisubharmonic weight functions, {λ ρ } ρ>0 satisfying (3.6), is a sufficient condition for the subelliptic estimates for ∂ of order 1/m by the theorem of Catlin [1] . Therefore (3.4) holds for (0,1)-forms on P b provided b is sufficiently small. 
Let us fix b > 0 so that (3.4) holds on
(w). By virtue of Theorem 3.1 and (3.7), we then have a constant C 2 > 0 (independent of z and δ) so that
Combining (3.7) and (3.8), we obtain the following relation:
for an independent constant C 3 > 0, where ∂ δ and ∂ * δ refers to operators on Ω
and by (3.9), there is a unform constant C 4 so that
Note that if P δ is the Bergman projection operator on Ω δ z , then we have the relation, P δ = I − ∂ * δ N δ ∂ δ , and the Bergman kernel function can be written as :
where φ w (z) is a polyradial function with center at w, and φ w (z)dV = 1.
The following theorem will be used to show derivative estimates for the kernel function. The proof of the theorem is based on some ideas of Kerzman [15] on the smooth extension of the kernel function, and on McNeal [16] and the author's [6] work on the derivative estimates of the kernel function. We use the relation (3.11) and the estimates in (3.10) as well as the crucial estimates in (3.4), the subelliptic estimates for ∂-Neumann problem. One can refer a detailed proof in [6, 15, 16] . 
where .2) and (2.7) respectively. We claim that ζ
and hence for each j = 1, . . . , n − 1, it follows, from the definition of δ and τ (z , δ), that . Let us fix a 0 (independent of z and δ). If we set
and hence by the maximum modulus theorem,
If, instead, |w 
By virtue of (2.6), one obtains that
A l 1 (z ) (2n−2+|α +β |)/l 1 · δ (−2n+2−|α +β |)/l 1 .
Thus we get Theorem 1.1 combining (4.2) and (4.3).
In 
